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Abstract 

We study bound states of the 3~particle system in R'^ described by the Hamiltonian H{Xn) = 
Hq + f 12 + A„(f 13 + ^23), where the particle pair {1, 2} is critically bound, and particle pairs {1, 3} 
and {2,3} are neither bound nor critically bound. We prove the following: if H{Xn)'ipn = Eni^n, 
where ^ for A„ — >■ Xcr, and besides limn_j.oo = for any R > 0, then 

the angular probability distribution of three particles determined by ipn for large n approaches 
the exact expression, which does not depend on pair-interactions. The result has applications in 
Efimov physics and in the physics of halo nuclei. 
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I. INTRODUCTION 



Consider the Hamiltonian of the 3-particle system in 

H{X) = H0 + V12 + HV13 + V23), (1) 

where Hq is the kinetic energy operator with the center of mass removed, A G M+ is the 
couphng constant and none of the particle pairs has bound states. The detailed requirements 
on pair-potentials would be listed in Sec. IIIII Suppose that for a converging sequence of 
coupling constants A„ — > Acr there exists a sequence of bound states ipn € D{Hq) such 
that H{\n)ipn = Enipn, whcrc En < 0, \\ipn\\ = 1 and En — )■ 0. The question, whether the 
sequence ipn totally spreads has been recently considered in . In |l| it was shown that ipn 
does not spread if H{Xn), H{Xcr) have no 2-particle subsystems that are bound or critically 
bound. The results of [l| were generalized to many-particle systems 2I, where, in particular, 
the restriction on the sign of pair-potentials was removed. In jl| under certain conditions on 
pair-potentials it was proved that if the pair of particles {1,2} has a zero energy resonance 
and ipn for each n is the ground state then the sequence ipn totally spreads. 

Here we focus again on the situation, where the pair of particles {1, 2} has a zero energy 
resonance and the sequence ipn{x,y) {not necessarily ground states!) totally spreads. (For 
the definition of Jacobi coordinates x,y E M.^ see By definition of total spreading 

I\x\2+\y\2<R\'^n{x,y)\'^ (Px(Py —7- for each R > 0. Thereby, especially interesting is the 
angular probability distribution of three particles for large n. 

Let us write the wave function in the form ilJn{p,G,x,y), where the arguments are the 
so-called hyperspherical coordinates p := + 6 := arctan(|?/|/|x|), 6 G (0,7r/2) 

and X, y are unit vectors in the directions of x, y respectively. Then by definition the angular 
probability distribution is 

Vn{9,x,y) := cos^6'sin^6' J \i)n{p,9,x,y)\'^dp. (2) 

The normalization \\ipn\\ = 1 implies that 

J^^ dejdn.xj diiy Vnie, x, y) = i, (3) 

where flx.y are the body angles associated with the unit vectors x, y. The main result of the 
present paper (proved in Theorem [3]) states that 
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V^{9, X, y) := lim P„(6', x, y) = 7— r^- sin^ 9, (4) 

n^oo [^4:71 71 



where the convergence is in measure. Equation (jl]) means that for all acceptable pair- 



potential 
from l|, 



s the limiting angular probability distribution exists and depends solely on 9. Apart 
2! the proof resides on the ideas expressed in ^-7|. In the next section we shall 
discuss the two-particle case, this material would also be needed in the analysis of the 
three-particle case in Sec. Illli 



II. THE TWO-PARTICLE CASE REVISITED 



Let us consider the two-particle Hamiltonian in L^(M^) 

h{\) = -K. + \v{x), (5) 
where A G M+ is a coupling constant. For the pair potential we assume that 7 < cxd, where 



7 := max 



d^x + / d^x (l + |f (x)| 



(6) 



and < (5 < 1 is some constant. 

The next theorem (which must be known in some form) states that a totally spreading 
sequence of bound state wave functions approaches the expression, which is independent of 
the details of the pair-interaction. 



Theorem 1. Suppose there is a sequence of coupling constants A„ G IR+ such that lim^^oo A„ = 
\cr e M+, and if(A„)V^„ = E^ipn, where ipn e D{Hq), = 1, E„ < 0, lim^^oo-^n = 0. // 
ipn totally spreads then 



^2711x1 



^0, 



(7) 



where ipn o^e phases and kn '■- 



EJ. 



A few remarks are in order. If one takes for ifjn the ground states then the sequence 



totally spreads, see the discussion in^ p, 18] . In the spherically symmetric potential s-states 
always spread, and p-states do not [6j . (This can also be seen from ([7]) telling that the wave 
function approaches the spherically symmetric form). Let us also note that ipn does not 
spread if v{x) > Ixl"^"*"^ for |a;| > Rq and e G (0, 1), see js, 9|. 

Proof of TheoremUl _R„ := {ipn,{'^ + \x\^)~^i^n) ~^ because ipn totally spreads. The 
Schrodinger equation in the integral form reads 

^ / d'x' — 

4:71 I \X — X 



—v{x')tlJri{x') 



(8) 



where ipn := ipn/Rn"^ is the renormahzed wave function . Let us set 



Air \x\ 



(9) 



Our aim is to prove that \\ipn — fn\\ = The direct calculation gives 



Wi^n - fn\ 



167r2 



Xv{x')v{x")^l{x')^n{x"). 



kn\x X I p kfi\x\ 



\x\ 



(10) 

(11) 



This can be transformed into 



ll^n - fn 



167r2 



rf^x'dV^ lw(kJx" - x')) + iy(o) - w(Kx') - w(Kx")\ 

kn l J 



(12) 



where we defined 



W{y) := / d^z 



\^\p-\^-y\ 



e I 'e 



27re" 



(13) 



The integral in ([T3ll can be evaluated using the confocal elliptical coordinates, see f. e. 
Appendix 9 in [lOf. Next, by the obvious inequality |Vr(y) — W^(0)| < 27r|y| 



XI 



in 



Un - fnf < ^ / d'x'd'x"{\x" - X'\ + \x'\ + \x" \} \v{x')\\v{x")\\Mx')\\Mx")\ 



< 



XI 



" ' dVdV|x'||t;(x')||t;(a;")||^„(a;')||^„(a;")|. 



27r 



(14) 



Inserting into the rhs of ( fT4l) the identities 1 = (1 + |x'|^)^/^(l + \x'\^) ^^"^ and the same for 
x" and applying the Cauchy-Schwarz inequality gives 



fn 1 1 ^ 



27r ' 



(15) 



where 7 is defined in ([6]). Thus \\ipn — fn\\ = and by ([9]) we have 



A. 



i;^ = ^Rl^/^d^^— —+0{1), 

Att \x\ 



(16) 



where dn '■= J d^x' v{x')ipn{x') and o(l) denotes the terms that go to zero in norm. Using 



that 



1 we recover the statement of the theorem. 



□ 
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III. THE THREE PARTICLE CASE 



We shall consider the Hamiltonian ([T]). Let and G denote particles masses and 
position vectors. The reduced masses we shall denote as fiik '■= mimk{mi + rrik). The pair- 
interactions Vik are operators of multiplication by real Vik{ri — r^). We shall impose the 
following restrictions 



Rl The pair potentials satisfy the following requirement 

|2 



7o : = max max 

i=l,2 



dMVi,(r)\(l 



\r\) 



25 



< OO, 



(17) 



where 0<5<l/8isa fixed constant. And 

-6ie-^^l"l < Vi2{r) < 0, 

where 61^2 > are some constants. 

R2 There is a sequence of coupling constants A„ G M+ such that lim„^oo A 
\cr e M+, and H{Xn)i)n = Eni^n, whcrc e D{Ho), ||^„|| 

linin-s>oo En = 0. 



;i8) 



1, En < 0, 



R3 The Hamiltonian Hq + V12 is at critical coupling (For the definition of critical 



coupling see 



The Hamiltonians Hq + Xvi^ and + XV23 are positive and 



are not at critical coupling for A = A„, Acr- 



In the Jacobi coordinates x := [^/2JIl2/h]{r2 — ri) and y := [y/2Mi2/h]{rs — mi /{mi + 
m2)ri—m2/(mi+m2)r2), where Mjj = {mi+mj)mk/ {mi+mo+m.'i) ({i,j, /c} is a permutation 
of {1, 2, 3}) the kinetic energy operator takes the form [l|, 



^^0 



- Ay. 



(19) 



In the following : M — )■ M denotes the characteristic function of the interval C M. The 
next theorem is the analog of Theorem [1] for the three-particle case. 



Theorem 2. Suppose H{\) defined in (Q]) satisfies Rl-3. If ipn totally spreads then 



^0, 





X 


sin(A;„ 


y\ 


) + 


y\ 


COs{kn 


\y\)}e ''"I"'! 


27r3/2|lnA;„ 


1/2 


\x 


3 


y 


+ 


\y 


3 


x\ 





where 9?^ G M are phases, p := + and k„ 
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(20) 



\E„ 



This theorem has a useful practical corollary. 



Theorem 3. The angular probability distribution Vn{0,x,y) defined in ^ converges in 
measure to Voo{0,x,y) = (47r'^)^^ sin^ 6'. 



Proof. Let us rewrite ( l20l) in hyperspherical coordinates 

ll^n - e^ii ^ 0, 



(21) 



where 



e*'^"X[i,oo)(p) e-'^"''"°'^^sin(^ + A;„psin( 



(22) 



2(7r)3/2|lnfc„|i/2 pScos^sin^ 
If we denote by 'D^{d, x, y) the angular probability distribution given by G„ then the limiting 
angular probability distribution is 



Voc{0,x,y) = lim V[ 



e 



— lim 

4:71^ n^oc \ In kn\ J I 



oo g— 2fc„pcosf 
P 



sin^ {9 + knp sin 9) dp, (23) 



where the limit is pointwise. Changing the integration variable in the last integral for 
t = knp sin 9 and expanding around t = we obtain 



V^{9,x,y) 



lim 



4:TT^ n^oo I In kn 



oo g-2tcot( 



n\ J kn sin I 



t 



sm 



t) dt 
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(47r)2 vr 



sin^ 9. 



(24) 



Note that — t- Pqo pointwise and uniformly. Now we show that \\Vn — ^n\\i ^- To 
make the notation shorter we set dfl := cos^ 6'sin^ 9d9dflr^dfly. 



< dn p 



7r/2 



ei 



d9 I dn^dny\Vn-v^ 



dVt 



iVniVfip- / |e„|Vdp (25) 



2^5, 



I^nl + \Qn\]dp < dn p 



<||^n-e„|| dn p'>{\i,^\ + \Qr.\) dp] <2||^„-0„, 



1/2 



\i^n\ + \Qn\]dp (26) 



(27) 



where we applied twice the Cauchy-Schwarz inequality and ||a| — \h\\ < \a — h\ for any 
a, 6 G C. Therefore, — "Poolli 0. By the Vitali convergence theorem |11;] this is 
equivalent to the statement of the Theorem [31 □ 

Remark. If instead of Jacobi coordinates one would express the limiting angular probability 
distribution in ris := r^ — ri and := rs — r2, which are also "natural" coordinates for the 
considered problem, then it would depend not only on the ratio |ri3|/|r23| but also on the 
angle between these vectors. Let us also note that if the pair of particles {1,2} would be 



marginally bound with the energy E12 and the sequence of ground states ipn would be such 
that En < E12, En — )■ E12 then ifjn totally spreads, see Q. However, in this case it is easy 
to show that the angular probability distribution approaches the delta-distribution. 

Lemma 1. Suppose H{X) defined in (QP satisfies Rl-3. If ipn totally spreads then 

ijn = [Ho + kl]''\vu\i^n + 0(1), (28) 

where o(l) denotes the terms that go to zero in norm. 

Proof. Rearranging the terms in the Schrodinger equation for ipn we obtain three equivalent 
integral equations, see 

1pn=[Ho + k'^^ ^ {\V12\ - \nVi:i - \nV2^^n, (29) 
■4)n = [Ho + \n{Vl3)+ + Xn{v23)+ + kl] ^ (^\Vi2\ + Xnivis)- + K{v23)-^i^n, (30) 
ijjn = [Ho + A„(fi3)+ + kl] ^ (^\V12\ + XniVls)- - XnV23^^n, (31) 

where {vik)± = max[0, ifj^]. By fl29l) the Lemma would be proved if we can show that 

Fn := \n [Ho + kl] '\i3^n = o(l), (32) 

Xn[Ho + kl]~\23^n = o{l). (33) 

Below we prove (132|) . eq. (!33l) is proved analogously. Substituting (!30l) into (!32|) we split F„ 
in three parts 
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Fn = J2^n\ (34) 



2=1 



where 



F« = [Ho + kl]-\^3[Ho + A„(t;i3)+ + Xn{v23)+ + A;^] "VialV^n, (35) 

Fi^) = X^[Ho + kl]-\3[Ho + Xn{v,3)+ + Xn{v23)+ + kl]'\v23) -i^n, (36) 
) = Xn[Ho + kl]-\3[Ho + Xn{v,3)+ + Xn{v23)+ + klY\v^3) -^Pn- (37) 



We introduce another pair of Jacobi coordinates rj = [^/2JI^/h](r3 — ri) and C = 
[y/2Mi3/h]{r2 — mi/(mi + m3)ri — m3/(mi + m3)r3). The coordinates {rjX) and {x,y) 
are connected through the linear transformation 

X = m^r,V + m^.fC, (38) 
y = rUy^T] + myc_C, (39) 
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where mxr),rnx( 7^ 0,my^,my^ form the orthogonal matrix and can be expressed through 
mass ratios in the system. J-'ia denotes the partial Fourier transform, which acts on /(r^, () 
as 

^13/ := Hv,Pc) = I d'C e-^^<^<f{r^X). (40) 

Let us introduce the operator function 

Bi^{K) := J'rsUP()J'i3, (41) 

where 

tniPc)={ ^ \ ^ (42) 

[ 1 + {Kf-' if \p^\ > 1. 

We set tilde over the operator in order to distinguish it from the one defined in Eq. (18) 
in [l|. Note that Bi^{kn) and B^^{kn) for each n are bounded operators. 
Using the inequalities from [21] (see Eqs. (17)-(24) in {2!) we obtain 

\F^'^\ < [i/o + ^^]~Vi3|[^o + A:^]'Vi2||^n| = [Ho + klY'M'^'B^siK)¥^\ (43) 
\Fl^'^\<Xn[Ho + kl]-'\v,s\[Ho + kl]-'\v23\m = [Ho + kl]-'\v,s\'^'B,sik^)¥^\ (44) 

where 

vl/W := \v^,\'/^B^,\kn)[Ho + kl]-'\v^2\m, (45) 
^(f) := Xn\vu\'/'B^,\kn)[Ho + kl]-'\v23\m. (46) 

To write the bound on \Fn^^\ we use the following expression, which follows from (13T!) . c. f. 
Eq. (15) in |2| 

{VuY-'^iJn = Qn{vufJ'^[Ho + \n{Vi3)+ + kl] \ |t;i2 | " A„f 23) ^n, (47) 

where we defined 

Qn := {1 - XnM'/'lHo + \nM+ + fc^] (t;i3) -^^ } • (48) 

Qn is a positivity preserving and uniformly norm-bounded operator, see Lemma 1 in j^. 
Substituting (147|) into (l37Il and using the positivity preserving property of the operators (see 
the discussion after Eq. (16) in [2I) we get 

I < Xn[Ho + kl]-'\vn\ [Ho + kiy'ivisYJ^QnivisYJ'lHo + kl]-\\vu\ + A„|t;23|) 

= [Ho + kl]-'\v^,\'/'B^,{kn)¥^\ (49) 
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where 

(50) 

Summarizing, (jH]) and (jl^ can be expressed through the inequahty 

|F»|<£„vl;W = 1,2,3), (51) 

where 

:= [Ho + kl]''\v^,\'/'B,,{k^). (52) 
From Lemma [2] it follows that \\fP\\ -^0. □ 

Lemma 2. The operators Cn are uniformly norm-bounded and W'^n^ \\ — for i = 1,2, 3. 

Proof. The proof that are uniformly norm-bounded is similar to Lemma 6 in Jj. The 
operator Kn ■= J-'^CnJ^u with the kernel 



where a' := /i/i/2/Ii3, acts on f{rj,p(^) G L^(M^) as 

i^n/ = y rfVfcn(r/,V;Pc)/(^',Pc)- (54) 
So, we can estimate the norm as follows 

||/:nf = ||i^nir<sup /"|fc„(r7,V;pc)rrfVA = CoSup^ML, (55) 
PC J PC . T)? + k!^ 



where 



-2\s\ 



^0 := ^ ( / "-r^dh) ( / |yi3(«'r,)|A ) < ^, (56) 



57r 



where 70 was defined in f|T7|) . Substituting fH2l) into (|55|) it is easy to see that \\Cn\\ is 
uniformly bounded. Let us rewrite (H5|) as 

v^W +Al(^)]K2r/^|^.|, (57) 

where 

M^^^ := M'/'{B^iik^) - (1 + {k^y-T'}[Ho + kl]-'\vu\'^', (58) 

M(f) := {l + {kr.rr'\vn\'/'[Ho + kl]-'M'/'. (59) 



By the no-clustering theorem || |f i2|^'^^|V'n| || ^ 0, see Appendix in [2]. Thus to prove that 
ll^n^ll ^ it is enough to show that Ain are uniformly norm-bounded. It is easy to 



see that ||A^n^''|| is uniformly norm-bounded, see f. e. the proof of Lemma 7 in [ij. Next, 



K'^W, where K'^ := Ti^M-nJ^^s is the integral operator with the kernel 



1 1/2 



^-y/p'i+kllv-v'l r 1^ I I ,1/2 

X exp <^ i-r]' ■ (pc - Pc) f r^^\ ((^C " ^^c)/^)' 



\ti — rj'l 



(60) 



fl)- 



/3 := —m^h/ {{mi + m^)^J2|JLl■i) and u := h/ v^2Mi3 (see the proof of Lemma 9 in pj). In 

1/2 1/2 

f l60|) Vi2 denotes merely the Fourier transform of V12 G L^(R'^). Calculation of the 
Hilbert-Schmidt norm gives 



a)ii2 



< 



Pcl<i 



2 ' A;H 



PC 



3-2(5 ■ 



(61) 



where 



C' := Cn / 



^12 (-5 



From ( 16T|) it follows that HA^i^"*!! is uniformly bounded and, therefore, ||^E'n''|| — )■ 0. The fact 
that II^E'n^ll — 7- is proved analogously. To prove that ||^E'n''|| -> let us look at ( |50l) . We 



(62) 



can write 



where we defined the operators 



(63) 



1/2 



(2) 



fir3'(MK3)-^'[i^o + A:^] 



.21-1 



'^12 



1/2 



ri^) := A„5r3^(A;„)(t;i3)i/'[i^o + fc^] 



1/2 



(64) 
(65) 
(66) 



The operators Qn are uniformly bounded. The operators Tn^'' are also uniformly norm- 
bounded. Note that Tn^^ = M'^l^ + M'^^\ where -M^'^^ is defined exactly as M^n'^^ except 

(2) 

that Ifisl gets replaced with (fi3)_. Hence, from the above analysis it follows that \\Tn \\ 

(3) 

is uniformly bounded. By similar arguments ||7n || is uniformly bounded. Thus due to 
II I'^ifcl^^^l'^nl II (see the no-clustering theorem in ^) the expression on the rhs of ( 163|) 



goes to zero in norm. 



□ 
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Proof of Theorem [3 Instead of (l20i) we shall prove 



^0, 



(67) 



47r| In fcnl"^''^ \Py\ 

where the hat denotes the action of the partial Fourier transform J-'i2, see Eq. (17) in jl|. 
( 120|) follows directly from (167|) after computing explicitly the inverse Fourier transform and 
dropping those terms, whose norm goes to zero. 

By Lemma [1] \\ijjn — fn'^W 0, where we have set fn^ := [Hq + A;^] ^|fi2|'?/'n- From the 
Schrodinger equation for the term \/\vi2\'ipn "we obtain 



\v12\1pr. 



\vu\{Ho + kl) 



-1 



1^121 



^/\Vl2\[Ho + kl] ^{XnVl3 + XnV23)i'n- (68) 



Substituting fl^ into the expression for fn^ results in 

/(^) = [Ho + kl] - VM{Ho + kl)-'^/My'<!>r 



(69) 



where 



$n := -KVM[Ho + kl] \vi3 + V23)^n- (70) 

From the proofs of Lemmas 6, 9 in [1;] it follows that the operators A/|fi2| [Hq + k^] ^ \/\v^\ 
and (kn) \/\vi2\[Ho + k^] \/\v^, where Bi2{kn) is defined in Eqs. (18)-(19) in [1], are 
uniformly norm-bounded for s = 1,2. Thus by ( 1701) and Theorem 3 in [2I ||$n|| ~> and 
||Sf2^(/c„)$„|| 0. Acting with J'ls on (EH]) gives 



Because ll^nll — )■ we can write 



/i^^ = /f +o(l), 



where 



/f ■■=X[o,po]{^Pl + kl)fi'\ 

0. 



(72) 



(73) 



and po is a constant defined in Lemma 11 in [ij. Now using Lemma 11 in (see also 
discussion around Eq. (Ill) in P]) we obtain 



fi'^ = /f + X[o,po] {^pl + kl^TuAMJ'u'Z {^Pl + kl) B^2\kn)K, (74) 
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where Auikn) '■= [Hq + k"^] ^ \/\vi2\Bi2ikn) and Z defined in [l| remain uniformly norm- 
bounded for all n, see Lemmas 6, 11 in pLi]. The function fn^ has the form 

/f := X[o.po] {^Pl + kl) + \py\' + kir \^^l P """^^' ^^^^ 

where a and Pq are defined in Eq. (80) and Lemma 11 in [ij]. Therefore, since — )■ 


/f = /f +o(l). (76) 

It makes sense to introduce 

9niy) ■■= j d^x(f)oix)^n{x,y), (77) 

where 0o was defined in Eq. 77 in [1]. The following inequality trivially follows from the 
exponential bound on V12 and the definition of 0o 

0o(a:)<6'ie-^^l^l, (78) 

where 6'^ 2 > constants. From the pointwise exponential fall off of ipn it follows that 
gn e L2(M3) n L\R^) for each n. We rewrite (CHI) with the help of (JTZj) 



where a := h/ 1/2/112. Next, we define 



where 5'ri,(0) G C is well-defined since gn € L^(]R^) for each n. Using Lemma [3] and the 
notation in (fT3|) gives 

X j £x' j dVlV^pl + kl(x" - i'))^o(i')|fi2(ai')l"''#'o(i")|l'i2(ai")l'" 
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where we used W{s) < 2ii and set 

j £x'(t)Q{x')\Vi2{ax')\^'^. (83) 

The constant in (l83l) is bounded, hence, by Lemma H] \[fn'' — f'n^\\ 0. As the next step 
we introduce 



Ana^pl + k'i \x\ 



(84) 



where 



R{s) := j c/V-^0o(a;')l^i2(aa;')r^'- (85) 
Like in the proof of Theorem [1] we evaluate the square of the norm of the difference 

l^n(0)P 



X J (fx' j £x" [w{^^pl + kl{x" - x')) + iy(0) -W^^pl + klx''^ - W[^pl + klx"^^ 



x0o(a;')|V^i2(ax')r/Vo(x")l^i2(ax")| 



1/2 



2vra2 J (pl + kl) 

X y d^x' J (fx" |x'|0o(a;')l^i2(aa;')r/'0o(a;")l^i2(aa;")r/'. (86) 

On account of Rl and (1781) we conclude that ||/n^'* — /n''''|| — ?• since |5'n(0)| — )■ by LemmaHl 
Observe that 

\R{s)-R{<d)\ < s^, 
where is defined in f l5^ . Therefore, \\fn^ — fn^\\ — > 0, where by definition 



(87) 



fn^ ■= X[0,po][\/pI + K)- 



Simplifying the argument of the exponential function we define 

i?(0)^„(0) e-IP-ll-'l 



^Tia^pl + k'i 
After straightforward calculation we obtain 

W-fl^H'= I d'pyX[o,po](\/ Pl + kl 



\x\ 



(88) 



(89) 



y ' ■^"M7ra2(p2 + A;2) 
1 1 2 



(90) 
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Replacing in the last fraction \py\ with + k'^ results in the following inequality 



>P0] 



(91) 



The integrals can be calculated explicitly, see 
last, we simplify the expression setting 



\Py\ \/Pi + K 
12|, which resuhs in - /^^'|| ^ 0. At 



(8) ._i?(0)^„(0)X[.„,i](b,|)e-KIN 



J n 



47ra 



(92) 



Again, one easily finds that \]n'^ — ]n^\\ 0. Summarizing, we have \jn^^^ — 
for i = 1, . . . , 7. Thus from — jn^\ — t- it follows that — — > 0. Using that 
\^n\ = 1 we obtain ([67]). □ 



Lemma 3. There exists a sequence Cn G M+, c„ — )■ swc/i that 



\9n{.Py) - gnifi)\ < Cn\Py\\ 



(93) 



where 6 is defined in [T^ . 

Proof. The trivial inequality |e*^f'^ — 1| < implies that 

|^n(p,)-^n(0)| < [ d'yypyy-l\\gn{y)\ < \py\'cn, 



(94) 



where c„ = / d^y\y\^\gniy)\ goes to zero by Lemma HI 



□ 



The following lemma makes use of the absence of zero energy resonances in particle pairs 
{1,3} and {2,3}. 

Lemma 4. The sequence Cn = J d'^y(^l + Iz/I'^) |5'n(y)| is well-defined and goes to zero. 
Proof. By definitions ( 1771) and ( 170|) we have \gn{y)\ < \9n\y) \ + \gn\y)\, where 

9^n\y) ■■= ^nj d^XcPo\Vl2\''^[H, + V^^'lPn. (95) 

g'^\y) ■= XnJ d^X(l)o\Vi2\'^^[Ho + kl]~\23^n. (96) 



Consequently c„ < Cn^ + Cn^ , where 



:= d'y{l + \y\%'^\y)\. 



(97) 
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Below we shall prove that Cn -* — 0, the fact that Cn'^ — )► is proved analogously. Let us 
mention that appearing integrals and interchanged oder of integration can be easily justified 



13| 



using the pointwise exponential fall off of tpr, 
We have 

\g^^\y)\ < [ d'x\Vuiax)\'^'M^)\F'n\{x,y), (98) 



where F„ was defined in (l34l) . On account of Rl and (j78l) it follows that 

\9i!\y)\<k J d'xe-'^\^\\F^\{x,y), (99) 



where 61^2 > are constants. Using (lS5ll - (157ll gives 

3 3 



\Fn\<J2\P|^^\<T.^n\ (100) 

1=1 1=1 

F« := [Ho + kl]-'\vrs\'/'B^,{KM\ (101) 
Substituting (El), ffTOOD into (EZD we obtain 

3 „ 

cl'^ <biJ2 + h^''^ + ^.cCrje-^^l'^-^+^^^^^'Fi^n^, C). (102) 

i=l 

Let us consider the term Fn\i], (). Denoting the integral kernel of [Hq + A;^] ^ by Gn{f] — 
T]', ( — (') from fllOip we get 

FiHvX) = J AlVl3(«V)r/'/ d'CG^{v-v'X-C)[Bis{K)^l:^]iv'X'). (103) 

Applying to the inner convolution integral the direct and inverse partial Fourier transforms 
( l40l) we can rewrite f llOSp as 



F^\vX) = TjTT^ / d'v'd'pc e^'^< |V^,3(aV)l ^ ^ ^t„(pc)^«(V,Pc)- (104) 



327r4 J ' I , .1 |^_^, 

Hence, 

\f!i\vX)\ < A'^'^'C |^i3(«V)| ^^^p^tn(Pc)|^^:HV,Pc)|- (105) 

Substituting (11051) into (11021) and interchanging the order of integration we obtain the in- 
equality 

3 



^ / ^V/ d'pc \V,s{aW)\'%{Pc)\^'n\v',Pc)\JW,Pc), (106) 

1=1 



15 



where we define 



J[rl,vd ■= J A J d'C ^p-^^^ (l + |m,^77 + m,cC| je-''^l'"-''''+™^^^'. (107) 

Applying the Cauchy-Schwarz inequality to fll06p results in 

327r4 



^i'^ < TT^iEll^i^ll ( / A' / d'Pc \Vi3{a'v')\i^{Pc)J'W,Pc) ] ■ (108) 



1=1 



Inserting the estimate from Lemma [5] we finally get 



1=1 



(.2 + 



1 + 

where C := j d^r]'\Vi'i{a'r]')\{l + l?]'!)^'' is finite by ([IT]). The last integral in ffT09|) is clearly 
uniformly bounded for all n. To see that the first integral in ( I109P is uniformly bounded we 
use the following inequality 

{s^-' + e-'f < 2{s^-'f + 2{kl-'y < 4{s^ + klf~\ (110) 

where we used a" + 6" < 2(a + 6)" for any a, 6 > and < a < 1. Hence, 

^ ^ " c^. < 4 / < 4 / ^rf. < 8. (Ill) 

Thus the rhs of (11091) goes to zero by Lemma [21 □ 
Lemma 5. The following estimates hold 

Av',Pc) < '^VJ??' ioT \p,\>l, (112) 

P( + '^n 

c(l + \n'\Y 

Jiv',Pc)< , I ^[,12 for bcl<i, (113) 



•where c> ^ is a constant. 

Proof. Using the trivial inequality |z + z'|^< 1^1*^ + 1 2;' |^ for any 2;, G it is easy to see 
that 

j d^C (1 + \myr,v + m,cCr)e-'^l"^^''''+"^^^^l < c'(l + \r]\Y, (114) 
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where c' > is some constant. Using (11071) and (11141) we obtain 



J{v',Pc) < c' I A H (1 + \v\f (115) 

' |?7 — ri'\ 



<c' J dH ^ (1 + |t + ^\)' <c' J dH ^ {1 + + \t\'}. (116) 

Now the statement easily follows. □ 

Physical Remark. In nuclear physics one encounters nuclei |l^ , which effectively possess the 
three-particle Borromean structure consisting of two neutrons and a core (Borromean means 
that the three constituents are pairwise unbound rather like heraldic Borromean rings). The 
ground states in some of these nuclei are weakly bound and two neutrons form a dilute halo 



around the core. The calculated correlation plots in 



14l | reveal the formation of the so-called 



"dineutron peak" in the ground state probability density, which is well fitted by 
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